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Abstract
In this paper, we obtain sufficient conditions of the existence of radial solutions for p(x)-Laplacian
equations in RN .
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1. Introduction
In recent years, the study of differential equations and variational problems with nonstan-
dard p(x)-growth conditions have been an interesting topic. The study of such problems arises
from nonlinear elasticity theory, electrorheological fluids (see [20,23]), many results have been
obtained on this kinds of problems, for example, [1,3–5,10–21,23,24].
In this paper, we consider the existence of infinite many radial weak solutions of the problem
(P )
{−∆p(x)u+ a|u|p(x)−2u = h(x)(g(x)|u|r(x)−2u+ |u|s−2u) in RN,
u(x) ∈ W 1,p(x)(RN),
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Q. Zhang / J. Math. Anal. Appl. 315 (2006) 506–516 507where p :RN → [1,∞) is a function, −∆p(x)u = −div(|∇u|p(x)−2∇u), and −∆p(x) is called
the p(x)-Laplacian; a and s are constants and a > 0, the functions p, r , h and g are radially
symmetric on RN .
In this paper, for any v :RN →R, we denote
v+ = ess sup
x∈RN
v(x), v− = ess inf
x∈RN
v(x),
and we denote by v1  v2 the fact that
ess inf
x∈RN
(
v2(x)− v1(x)
)
> 0.
Through the paper, we always assume that
(A1) p :RN → [1,∞) is uniformly continuous and satisfies
1 <p−  p+ <N;
(A2) 1  s  p∗(x), where p∗(x) := Np(x)N−p(x) , r is a measurable function which satisfies
1 r(x)  p−;
(A3) h(x) ∈ C(RN) and
sup
x∈RN
∣∣h(x)∣∣= H < ∞;
(A4) g(x) ∈ Lqo(x)(RN)∩L∞(RN), where
1
qo(x)
+ 1
p∗(x)/r(x)
= 1.
If p(x) ≡ p is a constant, then −∆p(x) is the well-known p-Laplacian, and (P ) is the usual p-
Laplacian equation. But if p(x) is a function, the −∆p(x) is more complicated than −∆p , since
it represents a nonhomogeneity and possesses more nonlinearity; for example, if Ω is bounded,
the Rayleigh quotient
λp(x) = inf
u∈W 1,p(x)0 (Ω)\{0}
∫
Ω
1
p(x)
|∇u|p(x) dx∫
Ω
1
p(x)
|u|p(x) dx
is zero in general, and only under some special conditions λp(x) > 0 (see [11]), but the fact that
λp > 0 is very important in the study of p-Laplacian problems.
For the usual p-Laplacian problems, there are many results for existence of solutions when
the domain is bounded or unbounded. For the p(x)-Laplacian problems, when the domain is
bounded, on the results of existence of solutions, we refer to [9]; when the domain is unbounded,
results of existence of solutions are rare.
Notice that in this paper the domain RN is unbounded and h(x) can change sign.
This paper is divided into three sections; Section 2 contains some preliminaries; Section 3
gives main results and proofs.
2. Preliminaries
In order to discuss the problem (P ), we need some theories on spaces W 1,p(x)0 (Ω),
W 1,p(x)(Ω) and properties of p(x)-Laplacian, where Ω ⊂RN is an open domain. Write
C+(Ω¯) =
{
v
∣∣ v ∈ C(Ω¯), v(x) > 1 for x ∈ Ω¯},
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{
u
∣∣∣∣ u is a measurable real-valued function,
∫
Ω
∣∣u(x)∣∣p(x) dx < ∞
}
.
Lp(x)(Ω) can be equipped with the norm
|u|p(x) = inf
{
λ > 0
∣∣∣∣
∫
Ω
∣∣∣∣u(x)λ
∣∣∣∣
p(x)
dx  1
}
,
and (Lp(x)(Ω), | · |p(x)) becomes a Banach space, we call it generalized Lebesgue space.
Proposition 2.1 (see [7]). The space (Lp(x)(Ω), | · |p(x)) is a separable, uniformly convex Banach
space, and its conjugate space is Lq(x)(Ω), where 1
q(x)
+ 1
p(x)
= 1. For any u ∈ Lp(x)(Ω) and
v ∈ Lq(x)(Ω), we have∣∣∣∣
∫
Ω
uv dx
∣∣∣∣
(
1
p−
+ 1
q−
)
|u|p(x)|v|q(x).
Proposition 2.2 (see [7]). If f :Ω ×R→R is a Carathéodory function and satisfies∣∣f (x, s)∣∣ d(x)+ b|s|p1(x)/p2(x) for any x ∈ Ω, s ∈R,
where p1, p2 ∈ C+(Ω¯), d(x) ∈ Lp2(x)(Ω), d(x)  0, b  0, then the Nemytsky operator from
Lp1(x)(Ω) to Lp2(x)(Ω) defined by (Nf u)(x) = f (x,u(x)) is a continuous and bounded opera-
tor.
Proposition 2.3 (see [7]). If we denote
ρ(u) =
∫
Ω
|u|p(x) dx, ∀u ∈ Lp(x)(Ω),
then
(i) |u|p(x) < 1 (= 1;> 1) ⇔ ρ(u) < 1 (= 1;> 1);
(ii) |u|p(x) > 1 ⇒ |u|p
−
p(x)  ρ(u) |u|p
+
p(x); |u|p(x) < 1 ⇒ |u|p
−
p(x)  ρ(u) |u|p
+
p(x);
(iii) |u|p(x) → ∞ ⇔ ρ(u) → ∞.
Proposition 2.4 (see [7]). If u, un ∈ Lp(x)(Ω), n = 1,2, . . . , then the following statements are
equivalent to each other:
(1) limk→∞ |uk − u|p(x) = 0;
(2) limk→∞ ρ(uk − u) = 0;
(3) uk → u in measure in Ω and limk→∞ ρ(uk) = ρ(u).
The generalized Sobolev space W 1,p(x)(Ω) is defined by
W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω) ∣∣ |∇u| ∈ Lp(x)(Ω)},
and it can be equipped with the norm
‖u‖1 = |u|p(x) + |∇u|p(x), ∀u ∈ W 1,p(x)(Ω).
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∞
0 (Ω) in W
1,p(x)
.
Proposition 2.5 (see [6]).
(i) W 1,p(x)(Ω) and W 1,p(x)0 (Ω) are separable reflexive Banach spaces.
(ii) If q ∈ C+(Ω¯) and p(x) q(x) p∗(x) for any x ∈ Ω¯ , then the imbedding from W 1,p(x)(Ω)
to Lq(x)(Ω) is continuous.
Consider the following functional:
J (u) =
∫
Ω
1
p(x)
(|∇u|p(x) + a|u|p(x))dx, u ∈ E := W 1,p(x)(Ω).
Obviously (see [2, p. 63]), J ∈ C1(E,R). Denote J ′ :E → E∗ the derivate operator of J in
the weak sense. Then
(
J ′(u), v
)=
∫
Ω
(|∇u|p(x)−2∇u · ∇v + a|u|p(x)−2uv)dx, ∀v,u ∈ E.
Similar to the proof of [9, Theorem 3.1], we have
Proposition 2.6.
(i) J ′ :E → E∗ is a continuous, bounded and strictly monotone operator;
(ii) J ′ is a mapping of type (S+), i.e., if un ⇀ u in E and limn→∞(J ′(un)−J ′(u),un −u) 0,
then un → u in E;
(iii) J ′ :E → E∗ is a homeomorphism.
In what follows, we will discuss the existence of solutions for p(x)-Laplacian equations
in RN . From [6] we know that the imbedding from W 1,p(x)(RN) to Lq(x)(RN) (p(x) q(x)
p∗(x)) is continuous, but not compact. To obtain the existence, the main difficulty is the lack
of compactness. In order to reestablish the compactness, our method is to find a closed linear
subspace X of W 1,p(x)(RN), such that, the embedding from X to Lq(x)(RN) is compact. Let
X = {u ∈ W 1,p(x)(RN ) ∣∣ u is radially symmetric},
then X is a closed linear subspace of W 1,p(x)(RN). We introduce the norm
‖u‖ = inf
{
λ > 0
∣∣∣∣
∫
RN
|∇u|p(x) + a|u|p(x)
λp(x)
dx  1
}
,
on X, then (X, ‖ · ‖) becomes a separable reflexive uniformly convex Banach space.
Proposition 2.7 (see [7,8]).
(i) (X, ‖ · ‖) is a separable reflexive uniformly convex Banach space.
(ii) If p :RN →R is a uniformly continuous and radially symmetric function satisfying
1 <p−  p+ <N,
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p(x)  α(x)  p∗(x),
there is a compact imbedding
W
1,p(x)
r
(
R
N
)
↪→ Lα(x)(RN ),
where
W
1,p(x)
r
(
R
N
) := {u ∈ W 1,p(x)(RN ) ∣∣ u is radially symmetric}.
3. Main results and proofs
In the following, we always use C and ci to denote positive constants.
Definition 3.1. We say that u ∈ X is a radial weak solution of (P ), if∫
RN
(|∇u|p(x)−2∇u · ∇v + a|u|p(x)−2uv)dx
=
∫
RN
h(x)
(
g(x)|u|r(x)−2u+ |u|s−2u)v dx, ∀v ∈ X.
The corresponding functional of (P ) is
ϕ(u) =
∫
RN
1
p(x)
(|∇u|p(x) + a|u|p(x))dx −
∫
RN
h(x)
(
g(x)
r(x)
|u|r(x) + 1
s
|u|s
)
dx,
then ϕ is an even C1 functional.
We denote by meas(U) the Lebesgue measure of U ⊂RN , and let
G(u) =
∫
RN
h(x)
(
g(x)
r(x)
|u|r(x) + 1
s
|u|s
)
dx,
Ω+ = {x | h(x) > 0}, (1)
then we have
Theorem 3.1. Suppose g(x) 0 a.e. in RN , meas(Ω+) > 0, s < p− and h(x) ∈ Lq1(x)(RN) ∩
L∞(RN), where
1
q1(x)
+ 1
p∗(x)/s
= 1,
then (P ) possesses a nontrivial radial weak solution.
Proof. Since g and h satisfy (A3) and (A4), respectively, from Proposition 2.1, we have∣∣∣∣
∫
N
h(x)
g(x)
r(x)
|u|r(x) dx
∣∣∣∣
∣∣∣∣H g(x)r(x)
∣∣∣∣
qo(x)
∣∣|u|r(x)∣∣
p∗(x)/r(x)  c0
∣∣|u|r(x)∣∣
p∗(x)/r(x). (2)R
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λ = ∣∣|u|r(x)∣∣
p∗(x)/r(x), (3)
then ∫
RN
∣∣∣∣ |u|
r(x)
λ
∣∣∣∣
p∗(x)/r(x)
dx = 1. (4)
Set
µ = |u|p∗(x),
then ∫
RN
∣∣∣∣ uµ
∣∣∣∣
p∗(x)
dx = 1. (5)
If λ > 1, from (4), we have
1 =
∫
RN
∣∣∣∣ |u|
r(x)
λ
∣∣∣∣
p∗(x)/r(x)
dx =
∫
RN
|u|p∗(x)
µp
∗(x)
µp
∗(x)
λp
∗(x)/r(x) dx 
∫
RN
|u|p∗(x)
µp
∗(x)
µp
∗(x)
λp
∗(x)/r+ dx, (6)
from (5), (6) and mean value theorem, there exists ξ ∈RN such that
1
∫
RN
|u|p∗(x)
µp
∗(x)
µp
∗(x)
λp
∗(x)/r+ dx =
µp
∗(ξ)
λp
∗(ξ)/r+ ,
then
λ µr+ . (7)
By (2), (3) and (7), we have∣∣∣∣
∫
RN
h(x)
g(x)
r(x)
|u|r(x) dx
∣∣∣∣max{c0µr+, c0} c0(µr+ + 1), (8)
from (8) and (ii) of Proposition 2.5, it is easy to see that∣∣∣∣
∫
RN
h(x)
g(x)
r(x)
|u|r(x) dx
∣∣∣∣ c1(µr+ + 1) c2(‖u‖r+ + 1). (9)
Since h(x) ∈ Lq1(x)(RN)∩L∞(RN), similarly, we have∣∣∣∣
∫
RN
h(x)
1
s
|u|s dx
∣∣∣∣ c3(‖u‖s + 1). (10)
From (1), (9) and (10), we have∣∣G(u)∣∣ c4(‖u‖r+ + ‖u‖s + 1),
where ci (i = 0,1,2,3,4) are positive constants. As s < p−, and according to (A2), we have
r+ <p−, then
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∫
RN
1
p(x)
(|∇u|p(x) + a|u|p(x))dx −G(u)
 1
p+
‖u‖p− − c4
(‖u‖r+ + ‖u‖s + 1)→ +∞, as ‖u‖ → +∞.
It means that ϕ is coercive. Since ϕ is weak lower semicontinuous, then ϕ has a minimum
point u in X, and u is a radial weak solutions of (P ).
For any w ∈ W 1,p(x)0 (Ω+) and ‖w‖ = 0, as s < p− and r(x)  p−, since g(x)  0 a.e.
in RN , we have
ϕ(tw) =
∫
Ω+
1
p(x)
(∣∣∇(tw)∣∣p(x) + a|tw|p(x))dx −
∫
Ω+
h(x)
(
g(x)
r(x)
|tw|r(x) + 1
s
|tw|s
)
dx
 tp−
∫
Ω+
1
p(x)
(|∇w|p(x) + a|w|p(x))dx − t s
∫
Ω+
h(x)
s
|w|s dx,
for sufficiently small t > 0. We have ϕ(tw) < 0, which means that u is nontrivial. This completes
the proof. 
Definition 3.2. We say ϕ satisfies Palais–Smale condition in X, if any sequence {un} ⊂ X which
satisfies that {ϕ(un)} is bounded and ‖ϕ′(un)‖ → 0 as n → ∞, has a convergent subsequence.
For simplicity, we denote it by (PS) condition.
Lemma 3.1. If p+ < s  p∗(x), then ϕ satisfies (PS) condition.
Proof. If {un}⊂ X satisfies
ϕ(un) → C and ϕ′(un) → 0 when n → ∞,
and ‖un‖ > 1, then
2C + o(1)‖un‖ ϕ(un)− 1
s
(
ϕ′(un), un
)
=
∫
RN
(
1
p(x)
− 1
s
)(|∇un|p(x) + a|un|p(x))dx
−
∫
RN
h(x)g(x)
(
1
r(x)
− 1
s
)
|un|r(x) dx

(
1
p+
− 1
s
)
‖un‖p− −
∫
RN
h(x)g(x)
(
1
r(x)
− 1
s
)
|un|r(x) dx. (11)
Similarly to the proof of Theorem 3.1, we obtain∣∣∣∣
∫
RN
h(x)g(x)
(
1
r(x)
− 1
s
)
|un|r(x) dx
∣∣∣∣ c5(1 + ‖un‖r+), (12)
where c5 is a positive constant and independent on un. According to (A2), we have r+ < p−.
From (11) and (12), by the definition of s and a, we obtain that ‖un‖ is bounded, then {un}
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tions 2.7 and 2.2, we get G′(unk ) → G′(u). Since ϕ′(unk ) = J ′(unk ) − G′(unk ) → 0, then
J ′(unk ) → G′(u). As J ′ is a homeomorphism, then unk → u, and so ϕ satisfies (PS) condition.
This completes the proof. 
Theorem 3.2. If meas(Ω+) > 0 and p+ < s  p∗(x) then (P ) has a sequence of radial solu-
tions {uk}∞k=1 such that ϕ(uk) → +∞.
In order to prove Theorem 3.2, we need a lemma.
Since X is a reflexive and separable Banach space, there exist {ej } ⊂ X and {e∗j } ⊂ X∗ such
that
X = span{ej , j = 1,2, . . .}, X∗ = span{e∗j , j = 1,2, . . .},
and
〈
e∗j , ej
〉=
{
1, i = j,
0, i = j.
For convenience, we write Xj = span{ej }, Yk =⊕kj=1 Xj , Zk =⊕∞j=k Xj , and let
βk = sup
{|u|α(x) ∣∣ ‖u‖ = 1, u ∈ Zk}.
Lemma 3.2. If α ∈ C+(RN) and it is a uniformly continuous and radially symmetric function
satisfying α(x) << p∗(x), then limk→∞ βk = 0.
Proof. Obviously, 0 < βk+1  βk , so βk → β  0. Let uk ∈ Zk satisfy
‖uk‖ = 1, 0 βk − |uk|α(x) < 1
k
,
then there exists a subsequence of {uk} (which we still denote by uk) such that uk ⇀ u, and〈
e∗j , u
〉= lim
k→∞
〈
e∗j , uk
〉= 0, ∀e∗j ,
which implies that u = 0, and so uk ⇀ 0. Since the imbedding from W 1,p(x)(RN) to Lα(x)(RN)
is compact, then uk → 0 in Lα(x)(RN). Hence we get βk → 0.
According to the following lemma, we can obtain the existence of infinite many existence of
solutions of (P ) immediately (e.g., see [22, Theorem 6.3]). 
Lemma 3.3. Suppose Φ ∈ C1(X,R) is even, and satisfies (PS) condition. Let V +, V − ⊂ X be
closed subspaces of X with codimV + + 1 = dimV −, and suppose there holds:
(10) Φ(0) = 0.
(20) ∃τ > 0, ρ > 0 such that ∀u ∈ V +: ‖u‖ = ρ ⇒ Φ(u) τ .
(30) ∃R > 0 such that ∀u ∈ V −: ‖u‖R ⇒ Φ(u) 0.
Consider the following set:
Γ = {f ∈ C0(X,X) ∣∣ f is odd, f (u) = u if u ∈ V − and ‖u‖R},
then
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(b) the number
0 < τ  := inf
h∈Γ supu∈V−
Φ
(
f (u)
)
is a critical value for ϕ, and then (P ) possesses a weak solution.
Proof of Theorem 3.2. Obviously, ϕ is an even functional. According to Lemma 3.1, ϕ satisfies
(PS) condition.
Denote V +k = Zk , it is a closed linear subspace of X and V +k ⊕ Yk−1 = X. Let  be a small
positive constant and Ω+ = {x | h(x)  > 0} such that
meas
(
Ω+
)
> 0.
Let ψi ∈ C∞0 (Ω+ )∩X satisfy
suppψi ∩ suppψj = φ, ∀i = j.
Set V −k = span{ψ1, . . . ,ψk}. We will prove that for every pair of V +k and V −k , ϕ satisfies the
conditions of Lemma 3.3 and the corresponding critical value k → +∞ when k → +∞.
Obviously ϕ(0) = 0, (10) in Lemma 3.3 is satisfied.
Set
βk = sup
{|u|s | ‖u‖ = 1, u ∈ Zk},
ρk =
(
sβskc6
) 1
p−−s with c6 = H
s min{1, a} and
S+ρk =
{
u ∈ V +k
∣∣ ‖u‖ = ρk}.
Since, by Lemma 3.2, βk → 0, we have ρk → +∞ (as k → ∞) and for sufficiently large k and
for u ∈ S+ρk , we have
ϕ(u) 1
p+
∫
RN
(|∇u|p + a|u|p)dx − 1
s
H
∫
RN
|u|s dx − c7‖u‖r+
min{1, a}
[
1
p+
‖u‖p− − c6|u|ss − c8‖u‖r
+
]
min{1, a}
[
1
p+
‖u‖p− − max{1, c6βk‖u‖s}− c8‖u‖r+
]
min{1, a}
[
1
p+

p−
k − c6βsksk − c8r
+
k
]
= min{1, a}
[
1
p+

p−
k −
1
s

p−
k − c8r
+
k
]
= min{1, a}
[(
1
p+
− 1
s
)

p−
k − c8r
+
k
]
 c9p
−
k := αk > 0. (13)
(20) in Lemma 3.3 is satisfied.
For any u ∈ V −, if t > 0 is big enough, we havek
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∫
RN
1
p(x)
(∣∣∇(tu)∣∣p(x) + a|tu|p(x))dx −
∫
RN
h(x)
(
g(x)
r(x)
|tu|r(x) + 1
s
|tu|s
)
dx

∫
RN
tp(x)
p(x)
(|∇u|p(x) + a|u|p(x))dx +
∫
RN
∣∣∣∣h(x)g(x) 1r(x)
∣∣∣∣|tu|r(x) dx
− t s
∫
RN
h(x)
1
s
|u|s dx
 tp+
∫
RN
1
p(x)
(|∇u|p(x) + a|u|p(x))dx + tp−
∫
RN
∣∣∣∣h(x)g(x) 1r(x)
∣∣∣∣|u|r(x) dx
− t s
∫
RN
h(x)
1
s
|u|s dx.
As s > p+, then limt→+∞ ϕ(tu) = −∞. Since the dimension of V −k is finite, (30) in
Lemma 3.3 is satisfied. So, by Lemma 3.3 and (13) we have
c9ρ
p−
k = τk  ϕk := inf
f∈Γ sup
u∈V−k
ϕ
(
f (u)
)
,
where ϕk are critical values for ϕ, and ϕk  c9ρp
−
k → +∞ (as k → +∞).
This completes the proof. 
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